Abstract. We give a bound of k for a very ample lattice polytope to be k-normal. Equivalently, we give a new combinatorial bound for the Castelnuovo-Mumford regularity of normal projective toric varieties.
Introduction
Let L be a very ample line bundle on an irreducible projective variety X defining an embedding X → P(H 0 (X, L)) ∼ = P r . We say that (the embedding of) X is k-normal if the restriction map
is surjective. We define the k-normality of X to be the smallest positive integer k X such that X is k-normal for all k ≥ k X . The k-normality of X is closely related to its CastelnuovoMumford regularity. We have that X is (k + 1)-regular if and only if X is k-normal and O X is k-regular (Proposition 4.2); therefore, k X ≤ reg(X) − 1. Now suppose that X is a normal projective toric variety with L a very ample line bundle on X. Then L = O X (D) for some torus invariant divisor D. Hence, L corresponds to a lattice polytope P = P D . We say that P is k-normal if the map
is surjective. We also define the k-normality of P to be the smallest positive integer k P such that P is k-normal for all k ≥ k P . We have X is k-normal if and only if P is k-normal. Hence, k X and k P coincide.
In this paper, we will give a new combinatorial bound of the k-normality of very ample lattice polytopes. First of all, define d P to be the smallest positive integer such that the map
is surjective for all k ≥ d P . Such a d P always exists by Lemma 2.2. Since P is very ample, for every vertex v ∈ P , the semigroup R ≥0 (P − v) ∩ M is generated by (P − v) ∩ M . Thus, for any lattice point x ∈ d P · P ∩ M and vertex d P · v of d P · P , we have
(w i − v), for some m < +∞, w i ∈ P ∩ M . For such a pair (x, d P v), we define
(w i − v) for some w i ∈ P ∩ M .
Let m P = max σ(x, d P v) x ∈ (d P P ) ∩ M, v a vertex of P .
We now state the most important corollary of our main result, Theorem 2.7, as follows.
Corollary 1.1. Suppose that P is a very ample lattice polytope with n vertices. Then
It is then natural to ask for an upper bound of m P . If P is a smooth polytope, we obtained the following result. Corollary 1.2. Let P be a smooth d-dimensional lattice polytope with n vertices. Let γ be the smallest integer such that P ⊆ C v,γ := conv(v, v + γ · (w E1 − v), · · · , v + γ · (w E d − v)) for any vertex v ∈ P , where the (w Ei − v)'s are the primitive ray generators of the edges of P coming from v. Then P is k-normal for all
Finding the explicit value of k P is a really hard question in general. Beck et. al.
( [BDGM15] ) showed that the k-normality of the polytope in Example 5.1 is s − 1. With their notations, we have k P = γ(P ) + 1 where γ(P ) is the largest height that contains gaps in M P . There are also results by Higashitani ([Hig14] ), Larsoń and Micha lek ( [LM17] ) that give k P for some classes of lattice polytopes. Oda ([Oda88] ) asked if P is smooth, is it always the case that k P = 1? Despite the simple statement, it is still an open question at the time of writing. For bounds of k-normality, Ogata ([Oga05, Theorem 2]) proved that any projective toric variety of dimension n ≥ 4 which is a quotient of the projective n-space by a finite abelian group embedded by a very ample line bundle in P r is k-normal for every k ≥ n − 1 + [n/2]. Equivalently, any n-dimensional very ample lattice simplex is k-normal
The main motivation for the study of k-normality is its relation to the CastelnuovoMumford regularity, an important invariant in algebraic geometry. First of all, the regularity measures the complexity of the ideal sheaf I X from the perspective of free resolution and gives a bound for the maximal degree of the defining equations of projective varieties. It also gives bound of complexity for algorithms calculating minimal free resolution of ideals generated by finitely many homogeneous polynomials ( [MM82, Buc83] ). There has been a big focus on finding upper bounds for the Castelnuovo-Mumford regularity of varieties in general. Mumford ([BM92] ) proved that if X ⊂ P r is a reduced smooth subscheme purely of dimension d in characteristics 0, then reg(X) Kwak and Park ([KP14] ) obtained an upper bound for the regularity of non-degenerate smooth projective varieties; however, it is very hard to find explicit bounds for particular cases.
For toric varieties, Peeva and Sturmfels proved that for a projective toric variety X of codimension 2 in P d−1 , not contained in any hyperplane then reg(X) ≤ deg(X) − 1 ([PS98] , [Stu95, Theorem 4.2]). Sturmfels also proved that if X is a projective toric variety in P
The most well-known question in finding upper bounds for the regularity of projective varieties is the Eisenbud-Goto ([EG84]) conjecture which says that if X is irreducible and reduced then reg(X) ≤ deg(X) − codim(X) + 1. Combinatorially, for a normal projective toric variety X embedded in P r via a very ample line bundle with the corresponding lattice polytope P , we have deg(X) = Vol(P ), the normalized volume of P , and codim(X) = |P ∩M |−dim P −1. We define the degree of P , denoted by deg(P ), as follows. If P has no interior lattice points, let deg(P ) be the smallest non-negative integer i such that kP contains no interior lattice points for 1 ≤ k ≤ d − i. If P has interior lattice point(s) then we define deg P = d. By Proposition 4.5, we have reg(X) = max{k P , deg(P )} + 1. Hence, the Eisenbud-Goto conjecture can be translated as if
Hence, it remains to verify if
In particular, if k P ≤ deg(P ) then the Eisenbud-Goto conjecture holds in this case. Our bound in Theorem 2.7 proves the conjecture for cases; in particular, the case s = 4 in Example 5.1.
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k-normality of Very Ample Polytopes
The main goal of this session is to give a bound for k-normality of very ample lattice polytopes. There are a few equivalent definitions of very-ampleness, so to avoid any confusion we introduce the definition used in this paper. Definition 2.1. A lattice polytope P ⊆ M R is very ample if for every vertex v ∈ P , the semigroup S P,v = N(P ∩ M − v) generated by the set
The starting point for our main result is the following lemma:
Proof. We follow the argument in [EW91] to give a proof for (a). Let x be a lattice point
there must be an i such that λ i ≥ 1. Then
From the above lemma, we obtain two well-defined invariants of P as follows.
Definition 2.3. Let P be a lattice polytope with the set of vertices V = {v 1 , · · · , v n }. We define d P to be the smallest positive integer such that the map
We also define ν P to be the smallest positive integer such that for any k ≥ ν P ,
Moreover, it is clear from the definitions that d P ≤ ν P ≤ n − 1. Also, if P is an empty lattice polytope then ν P = d P .
In general, k-normality does not imply (k + 1)-normality, with some counterexamples given by [Han90, Theorem 9] and [LM17, Theorem 12]. However, if P is k-normal for some k ≥ d P then it is (k + 1)-normal. We will show this as a part of the following lemma.
(a) For any k ≥ d P and u ∈ kP ∩ M , we can write u as
Proof. (a) By the definition of d P , we have a surjective map
Hence, for any k ≥ d P and u ∈ kP ∩ M , we can write u as
which yields the conclusion. (c) Suppose that P is k-normal; i.e.,
then by the definition of d P and since k ≥ d P , we have
In other words, P is (k + 1)-normal. (d) It follows from the definitions that k P ≥ d P . Now let x be any lattice point in
and v a vertex of P . Then since
In other words,
For any vertex v of P , let w ∈ P ∩ M be a point with maximal distance from v. We have
for some w i ∈ P ∩ M . Then
Then by the definitions of k P and d P , we have a surjection
surjective. This is a contradiction because
Hence, P must be normal in this case.
• P is normal ⇔ d P = k P : If P is normal then k P = d P = 1. Conversely, suppose that d P = k P . Then by (d), we have m P = k P . Therefore, P is normal by the first equivalence.
• P is normal ⇔ m P = d P : if P is normal then it is clear that m P = d P = 1. Suppose conversely that m P = d P . Then for any vertex v ∈ P ∩ M and any
by the first part of this lemma. Thus P is normal by the second equivalence.
Remark 2.5. The above lemma plays a crucial role in our main result in this section. Notice that m P = k P does not implies P is normal. A counterexample is given by the case s = 4 in Example 5.1.
Remark 2.6. Let P be a d-dimensional lattice polytope. Let LD P (n) be the property that for any k ≥ n and u ∈ kP ∩ M , we can write u as
Indeed, suppose that N = min{n ∈ N | LD P (n) holds}. Then we have a surjection
On the other hand, by Lemma 2.4, LD P (d P ) holds so N ≤ d P because of the minimality of N . Hence, N = d P . The conclusion follows.
Theorem 2.7. Suppose that P is a very ample lattice polytope with n vertices. Then
The equality occurs if and only if P is normal. Furthermore, if P is not normal then
Proof. If P is normal then m P = d P = k P = 1 by Lemma 2.4 (e). Assume that P is not normal, since ν P ≤ n − 1, it is enough to show that
By Lemma 2.4 (e), we have
by Lemma 2.4 (b) the lattice point p of kP can be written as
Thus, by the pigeonhole principle, there must be an i such that λ i ≥ m P − d P . Without loss of generality, assume that λ 1 ≥ m P − d P . Since P is very ample, we can write
for some a i ∈ N and w i ∈ P ∩ M with i∈I a i ≤ m P . Substituting Equation (2) into Equation (1) yields
The sum of the coefficients in the last line is k and each of them is non-negative since
Hence, p can be written as a sum of k lattice points in P ; i.e., P is k-normal. Therefore,
which implies ν P ≥ n, a contradiction. Hence, P must be normal.
Remark 2.8. If P is normal, then m P = d P = 1 and (m P − d P ) · n + 1 = 1. Our bound is sharp for this case. Another case where our bound is sharp is given in Example 5.1.
The following example gives a comparison between known results on k-normality of polytopes with our result in Theorem 2.7 for the case of unit hypercubes.
Example 2.9. Consider the unit d-dimensional hypercube P with X the toric variety obtained from P . Then we know that d P = 1 and it follows that m P = 1. Our bound in Theorem 2.7 implies that k P = 1. This bound is sharp. We have the following table of known bounds of k P .
The only occasion where we need very-ampleness in the proof of Theorem 2.7 is to define m P . Thus, if we assume m P is defined for an arbitrary lattice polytope P , it follows that P is k-normal for k big enough. We obtain the following criterion for a lattice polytope to be very ample.
Proposition 2.10. Let P be a lattice polytope. Then P is very ample if and only if there exists r ≥ d p such that for any x ∈ rP ∩ M and v a vertex of P we have
for some n < ∞ and w i ∈ P ∩ M .
Proof. The "only if" part follows directly from the definition of very ample polytopes. We now prove the "if" part. For an r ≥ d P , define
It follows from the proofs of Lemma 2.4 (d) and Theorem 2.7 that m ≥ d P and
Then P is k-normal for k ≫ 0, which implies that P is very ample. The conclusion follows.
Bounds of m P and Aplications on Smooth Polytopes
In this section, we will give some bounds for m P depending on the combinatorial data of smooth lattice polytope P . We begin by introducing some standard facts about polytopes.
Definition 3.1. Let P be a lattice polytope of dimension d. The normalized volume of P , denoted by Vol(P ), is defined to be
The following classical lemma gives a straightforward way to calculate the normalized volume of any lattice polytope given the coordinates of its vertices.
Lemma 3.2. Let P be a d-simplex with vertices {v 0 , · · · , v d }. Then the normalized volume of P is given by
Using normalized volume, we obtain our first bound of m P :
Proposition 3.3. Let P be a smooth d-dimensional lattice polytope. Then for every x ∈ (d P · P ) ∩ M and v a vertex of P , we have
For any x ∈ d P · P ∩ M , and v ∈ V, since P is smooth, we have
for some a i ∈ Z ≥0 with w Ei − v is the primitive ray generator of Cone(v Ei − v), where v Ei is a neighbor of v. By Cramer's rule
By Lemma 3.2, ∆ Ei is the normalized volume of the simplex
Let P be a d-dimensional smooth lattice polytope. Then for each vertex v of P , there exist d neighbor vertices to v, say v Ei , · · · , v E d , with E i is the edge of joining v with v Ei . Let w Ei − v be the primitive ray generator of Cone(v Ei − v). We define the corner of P at v, a vertex of P , to be
and the γ-scaling of C v to be
Then for some γ big enough, C v,γ contains the whole polytope P . We have C v,5 ⊇ P and C O,3 ⊇ P .
Proposition 3.5. Let P be a smooth d-dimensional lattice polytope with V = {v 1 , · · · , v n } the set of its vertices. Let γ be the miminum interger such that P ⊆ C vi,γ for every 1 ≤ i ≤ n.
Proof. For any lattice point u ∈ mP ∩ M (with m ∈ Z ≥1 ) and vertex v of mP , u lies inside the d-simplex formed by scaling the corner at v by mγ. Precisely,
where w Ei − v is the primitive ray generator of v Ei − v. Equivalently, there are λ i ≥ 0 with
Hence,
Since mP is smooth at v, C v,mγ is also smooth at v, and we can express u − v uniquely in the form
where a i ∈ N for 1 ≤ i ≤ d. Comparing the coefficients in the equations (4) and (5) yields
In particular, since m P is the maximum of the σ(u, d P · v), we have
As a corollary, we obtain a bound for smooth lattice polytopes as follows.
Corollary 3.6. Let P be a smooth d-dimensional lattice polytope with n vertices, γ is the minimum integer such that P ⊆ C v,γ for every vertex v of P . Then P is k-normal for all
Proof. This follows directly from Theorem 2.7, Proposition 3.3, and Proposition 3.5.
Corollary 1.2 follows since
Remark 3.7. As a final remark to this session, suppose that P is a d-dimensional smooth lattice polytope. Then for any lattice point u ∈ P ∩ M and any vertex v ∈ V, we have
where a i ∈ Z ≥0 and w Ei − v is the primitive generator of Cone(v Ei − v). Take m ′ to be the maximal of all such a i ; i.e.,
Then m ′ is well-defined because P is a smooth polytope and |P ∩ M | < ∞. We have P ∩ M ⊆ C v,m ′ for every v ∈ V. In other words, γ ≤ m ′ .
The Castelnuovo-Mumford Regularity of Normal Toric Varieties
In this section, we will give a survey on combinatorial interpretations of the EisenbudGoto conjecture. First of all, let us recall the definition of Castelnuovo-Mumford regularity.
Definition 4.1. Let X ⊂ P r be a projective variety and F a coherent sheaf over X. We say that F is k-regular if
for all i > 0. The regularity of F , denoted by reg(F ), is the minimum number k such that F is k-regular. We also say that X is k-regular if the ideal sheaf I X of X is k-regular and use reg(X) to denote the regularity of X (or of I X ).
Regularity and k-normality are closely related by the well-known fact as noted, for example, in [Kwa00] as follows.
Proposition 4.2. Let X ⊆ P r be an irreducible projective variety. Then for k ∈ Z ≥1 , X is (k + 1)-regular if and only if X is k-normal and O X is k-regular.
Proof. It is clear that X is k-normal if and only if H
1 (I X (k)) = 0. We have an exact sequence
Suppose that X is (k + 1)-regular; i.e., H i (I X (k + 1 − i)) = 0 for all i ≥ 1. Taking the long exact sequence of the cohomology, we see that for i = 1, H 1 (I X (k)) = 0; i.e., X is k-normal; and that
Conversely, suppose that X is k-normal and O X is k-regular. From the long exact sequence of the cohomology, we have for all i ≥ 2, H i (I X (k + 1 − i)) = 0 since H i (O P r (k + 1 − i)) = 0 and H i−1 (O X (k + 1 − i)) = 0 by the hypothesis that O X is k-regular. The case H 1 (I X (k)) = 0 follows from the assumption that X is k-normal. Hence, X is (k + 1)-regular. The conclusion follows.
As a corollary, we obtain an equation of reg(X) in terms of reg(O X ) and k X for any irreducible projective variety X. Proposition 4.3. Let X ⊆ P r be an irreducible projective variety. Then
Proof. By a result attributed to Castelnuovo by Mumford
Hence, I X is not (k + 1)-regular by Proposition 4.2. Therefore,
The conclusion follows.
Now we give a combinatorial interpretation of reg(O X ) for X a normal projective toric variety.
Proposition 4.4. Let X ⊂ P r be a normal projective toric variety with P the corresponding lattice polytope of the embedding. Then O X is k-regular if and only if k ≥ deg(P ). In other words, reg(O X ) = deg(P ).
Proof. The "if" direction essentially follows from [Her06, Theorem IV.5]. Conversely, suppose that k ≤ deg(P ) − 1. Then we have
Combining Propositions 4.3 and 4.4, we obtain a combinatorial relation between reg(X), k P , and deg(P ), the degree of P .
Proposition 4.5. Let X ⊂ P r be a d-dimensional normal projective toric variety X and P the corresponding lattice polytope of the embedding of X. Then reg(X) = max{k P , deg(P )} + 1.
Proof. This follows directly from Propositions 4.3 and 4.4.
Notice that deg(P ) ≤ d. Thus, using the upper bound of k P we obtained in Theorem 1.1 for Proposition 4.5, we obtain an upper bound for reg(X):
Corollary 4.6. Let X ⊂ P r be a normal projective toric variety with P the corresponding lattice polytope of the embedding. Suppose that P has n vertices. Then
where m P and d P are defined as in Theorem 2.7.
Proof. This follows directly from Propositions 1.1, 4.5, and the fact that deg(P ) ≤ dim(P ).
By [HKN17, Proposition 2.2], we have that for P a very ample lattice polytope,
Combining this with Proposition 4.5, we have the following corollary.
Corollary 4.7. Let X ⊂ P r be a normal projective toric variety with P the corresponding lattice polytope of the embedding. Suppose that k P ≤ dim(X); i.e., P is dim(X)-normal, Remark 4.9. By Propositions 4.5 and 4.7, we can now restate the Eisenbud-Goto conjecture combinatorially as follows: if P is a non-normal very ample d-dimensional lattice polytope, then
Suppose that P has n vertices, then n ≤ |P ∩ M |. Thus by Corollary 4.6, if
then the Eisenbud-Goto conjecture holds for the toric variety X associated to P . Unfortunately, this is not always the case, as we will show in Example 5.1. Furthermore, suppose that P is smooth and γ = min{n ∈ Z ≥1 | C v,n ⊇ P for all v ∈ V}, then Eisenbud-Goto conjecture holds for X if
If the Oda's conjecture holds, then the Eisenbud-Goto conjecture would be true for all smooth polytopes as well because of Proposition 4.7.
Examples of The Regularity of Some Non-Normal Very Ample Polytopes
In this section, we will show that the Eisenbud-Goto conjecture holds for some known examples of non-normal very ample polytopes. We first consider the following example by Gubeladze and Bruns. with s ≥ 4. We can verify directly that P is not (s − 2)-normal for s ≥ 4. Indeed, let
.
Now we have Vol(P ) = s + 6, |P ∩ Z 3 | = 8, dim(P ) = 3, so let X be the toric variety associated to P , we have deg(X) = s + 6 and codim(X) = |P ∩ Z 3 | − (dim(P ) + 1) = 4.
The Eisenbud-Goto conjecture says that reg(X) ≤ deg(X) − codim(X) + 1 = s + 3. By [BDGM15, Theorem 3.3], k P = s − 1 ≥ 3 ≥ deg(P ). Hence, by Proposition 4.7, we have reg(X) = s and the Eisenbud-Goto conjecture holds for this example s.
To compare this to the bound of Theorem 2.7, we have d P = ν P = 2, d P +1 ≤ m P ≤ s−1 by Lemma ??, and k P ≤ 8(s − 4) + 3 = 8s − 29. We have the following table of the known bounds of the Castelnuovo-Mumford regularity of X:
For s = 4, we have 8s − 28 = 4, so the bound in Theorem 2.7 is sharp and the EisenbudGoto conjecture holds for this case. For s ≥ 5, since 8s − 28 > s + 3, our bound does not imply the Eisenbud-Goto conjecture.
This example is interesting in many ways. First of all, it gives an example of non-normal very ample polytopes. In addition, because of P is not (s − 2)-normal and Proposition 4.5, one cannot bound the k-normality and Castelnuovo-Mumford regularity of X by any polynomial of dim X. Furthermore, the polytope P gives an example of very ample polytopes that cannot be covered by very ample simplices. To show this, we need the following lemma.
Lemma 5.2. Let P 1 , · · · , P n be very ample lattice polytopes such that P = n i=1 P i is a convex polytope. Then P is very ample and
Proof. Suppose that x ∈ kP for some k ≥ max{k Pi |i = 1, · · · , n}. Then x ∈ kP i for some i = 1, · · · , n. Hence, x can be expressed as a sum of k lattice points in P i ⊆ P . Therefore, P is k-normal for all k ≥ max{k Pi |i = 1, · · · , n}; i.e., k P ≤ max{k Pi |i = 1, · · · , n} and P is very ample since we know that a polytope is very ample if and only if it is k-normal for some k big enough.
Proposition 5.3. Any 3-dimensional very ample non-normal lattice polytope P cannot be covered by very ample lattice 3-simplices.
Proof. Suppose that P can be covered by very ample 3-simplices P = ∪ n i=1 P i . Then we have each P i is normal and k Pi = 1 by [Oga05, Proposition 2.2]. Hence, k P = 1 by Lemma 5.2. This contradicts the result of [BDGM15, Theorem 3.3] that k P = s − 1 ≥ 3. Therefore, P cannot be covered by very ample simplices.
From Proposition 5.3 it follows that the polytope P defined in Example 5.1 cannot be covered by very ample lattice 3-simplices.
Example 5.4. For d ≥ 3 and h ≥ 1, Higashitani contructed a class of d-dimensional very ample lattice polytopes P d,h with exactly h holes, the lattice points in kP that cannot be expressed at a sum of k lattice points in P k runs from 2 to k P − 1 ([Hig14, Theorem 1.]), as follows. Let
and
where e 1 , · · · , e d are the unit coordinate vectors of R d . Then define P d,h to be the convex hull of 
By Proposition 4.7, we have that reg(X) = deg(P h,d ) + 1, where X ⊆ P r is the toric variety obtained from P d,h . The Eisenbud-Goto conjecture holds for X because of [HKN17, Proposition 2.2].
We have in this case m P h,d = k P h,d = 3, d P h,d = 2, so Theorem 2.7 yields
This is much stronger than the Sturmfels' bound ([Stu95]):
On d P and Normal Polytopes
We will give a short survey on d P in this section. We first begin with some upper bounds of d P :
Proposition 6.1. Let P be a lattice polytope. Then
(1) [Her06, Proposition IV.10] If P is not a standard simplex, then
(2) [HKN17, Proposition 2.2] If P is spanning, in particular if P is very ample, then
Remark 6.2. Unfortunately, unlike Lemma 2.4, P is normal does not implies that d P = deg(P ), with the standard simplex is a counterexample. In this case, we have d P = 1 while deg(P ) = 0. In addition, it is not the case that d P = deg(P ) implies P is normal, with a counterexample given in Example 5.1, where d P = deg(P ) = 2.
Since d P = 1 if and only if P is normal, we obtain a simple combinatorial proof for part of [BSV15, Proposition 6.9].
Corollary 6.3 ([BSV15, Proposition 6.9]). Any lattice polytope of degree 0 or 1 is normal.
Proof. If deg P = 0, then P is a basic simplex, so it is normal. Now suppose that deg P = 1. By Proposition 6.1, d P ≤ deg P ≤ 1, which implies that P is normal.
By Proposition 4.5, the Eisenbud-Goto conjecture would imply the following inequalities, that we summarize in the follwing question.
Question 6.4. Let P be a lattice polytope, is it the case that d P ≤ Vol(P ) + d + 1 − |P ∩ M | even if P is not a spanning polytope? If it is not then is it true that d P ≤ Vol(P ) for all lattice polytope P ? Also, if P is very ample lattice polytope, do we always have k P ≤ Vol P ?
It is obviously true that d P ≤ Vol(P ) if Vol(P ) ≥ d − 1. The interesting case is when Vol(P ) ≤ d − 2; i.e, P is a "small" polytope.
Example 6.5. Let P be a lattice polytope with dim P ≤ 3. Then
Proof. In dimension 2, since d P = 1 always, we have d P ≤ Vol(P ). If dim P = 3, then either d P = 1, so d P ≤ Vol(P ) trivially, or d P = 2. If d P = 2, then Vol(P ) ≥ d P . This is because if Vol(P ) = 1 then P is a standard simplex and so P would be normal and d P = 1, a contradiction. Hence, d P ≤ Vol(P ) for the case dim P = 3 as well.
In general, the difference k P − d P cannot be bounded by any polynomial of dim(P ), with an example again given by Example 5.1. Proposition 6.6. For any non-negative integer n, there exists a 3-dimensional very ample lattice polytope P such that k P − d P = n.
Proof. For n = 0, any normal polytope P would give the desired result. For n ≥ 1, take P to be the polytope in Example 5.1 with s = n + 3. Then we have d P = 2 and by [BDGM15, Theorem 3.3], k P = n + 2. The conclusion follows.
However, for very ample lattice simplices we have the following result. The ultimate goal in bounding k P − d P is to prove or disprove that for smooth lattice polytope we have k P − d P = 0. This is another interpretation of Oda's question [Oda88] .
Another question is what dilations of P are normal. It is well-known that if P is a ddimensional lattice polytope then (d − 1)P is normal ( [LTZ93] , [EW91] , [BGT97] ). The following lemma, which follows easily from the definition of d P , gives a slightly improved result, which also implies [Her06, Proposition IV.10] because of Proposition 6.1.
Proposition 6.8. Let P be a lattice polytope. Then mP is normal for every m ≥ d P .
As a corollary of Proposition 6.1 and Proposition 6.8, we have: Corollary 6.9. For any very ample lattice polytope P , Vol(P ) · P is normal.
Furthermore, d P is a possible candidate for the minimum number n P with the property that kP is normal for every k ≥ n P .
Question 6.10. Let P be a lattice polytope. Then is it always the case that d P = min{n ∈ Z ≥1 | kP is normal for all k ≥ n}? This is true in case dim P = 2 or dim P = 3.
Example 6.11. Let P be a lattice polytope such that dim(P ) ≤ 3. Then d P = min{n ∈ Z ≥1 | kP is normal for all k ≥ n} Proof. The case dim P = 2 is trivial because any polygon is normal by [BGT97, Theorem 1.3.3 (a)]. If dim P = 3, either d P = 1 or d P = 2. For the case d P = 1, P is then normal; hence, the statement is true in this case. If d P = 2, we have P is not normal but kP is normal for all k ≥ 2 by Proposition 6.8. The conclusion follows.
However, it is possible that kP is normal for some k < d P ; i.e., nP is normal does not imply (n + 1)P is also normal. Lasoń and Micha lek ( [LM17] ) found an example of a polytope P such that 2P and 3P are normal but 5P is not. For such a P we must have 5 < d P ; otherwise, 5P must be normal by Proposition 6.8. This example also implies that the inequalities k P +Q ≤ max{k P , k Q } and d P +Q ≤ max{d P , d Q } do not hold in general. On the other hand, it is easy to see that for any lattice polytopes P and Q, we have
and if P and Q are very ample, k P ∪Q ≤ k P ×Q = k P ⊙Q = max{k P , k Q }, where P × Q and P ⊙ Q are the Cartesian product and the join of P and Q, respectively.
The following corollary gives criterion for normality of polytopes with small degree.
Corollary 6.12. Let P be a lattice polytope. Suppose that P is k-normal for all k ≤ dim P − deg P . If 2 deg P ≤ dim P then P is normal.
